We present the results of calculation and experimental testing of an achromatic polarization converter and a composite terahertz waveplate (WP), which are represented by sets of plane-parallel birefringent plates with in-plane birefringence axis. The calculations took into account the effect of interference, which was especially prominent when plates were separated by an air gap. The possibility of development of a spectrum analyzer design based on a set of WPs is also discussed.
Introduction
The terahertz (THz) frequency range (300 GHz-10 THz) is quite a significant portion of the electromagnetic spectrum lying between microwave and infrared ranges. Unlike the latter, the THz range was virtually unexplored until recent times, due to the absence of powerful THz sources and detectors operating in this wavelength range. Promising applications of THz radiation include ultrafast secure data exchange, internal and external communications in integrated circuits, spectroscopy (namely, determining the chemical composition of complex substances, due to the fact that many vibrational and rotational levels of large organic molecules occur in the THz range), security and alarm systems, explosives, and weapon and drug detection [1] [2] [3] [4] [5] . Besides that, THz radiation can be very promising in tomographic and medical applications [4, 6] .
Development of femtosecond solid-state lasers and microelectronics during the last 15-20 years led to a breakthrough in THz research. Several new methods of signal generation were developed. THz radiation may be detected using various methods. The current state of scientific research and the existing technical background allow one to anticipate the development of commercially viable compact high-power sources and detectors of THz radiation [7] [8] [9] .
Rapid progress in THz optoelectronics necessitates the development of production of optical components for the THz spectral range as demanded by the specifics of the instruments operating in the aforementioned range. The material traditionally used for THz instrumentation is crystalline quartz. Its transmission spectrum in the spectral range of interest is shown in Fig. 1 .
Besides that, crystalline quartz is a birefringent material [10] ; this fact makes possible its use in THz optics to create polarization-converting components. In this paper, we present theoretical calculations and modeling as well as experimental studies of several such components based on crystalline quartz. It should be noted that instead of quartz, any other birefringent material transparent in the THz range may be used, such as sapphire or boron nitride. The birefringence axis must lie in the plane of the plates, which constitutes a technological limitation in the latter case.
Results

A. Achromatic Polarization Converters
In this work we have modeled, produced, and tested the wide wavelength-range THz polarization converter. In particular, it is a well-known achromatic waveplate (AWP) [11] . This object consists of a set of plane-parallel birefringent plates, which are transparent in the THz wavelength range with optical axes of birefringence lying in plane of the plate. Unlike monochromatic WP, which provides necessary phase retardation for a specific wavelength, AWP provides it in a wide wavelength range. By varying azimuth angles and plate thicknesses, one may achieve the achromatic effect in different wavelength ranges and also for different retardations (for example, λ∕4 and λ∕2).
Calculation
There are several papers [12] [13] [14] [15] [16] related to the calculation methods of quartz and sapphire AWPs. Some corrections were described in basic methods of WP calculations, because they are not suitable for the case when the measuring system has high resolution (as compared to the FWHM of interference peaks). So there were some modifications of methods that take into account the interference effect. In Tydex J. S. Co. we have applied the methods for real AWP calculations. Also, we have carried out the measurements of WP, produced on the basis of the simulations. These experiments confirm the applicability of the methods described. Thus the production of these objects is achieved.
According to Jones formalism [11, 17] the system of several retardation plates is optically equal to system containing only two elements-the so called "retarder" and "rotator" (Fig. 2) .
The retarder provides required phase shift (for example, π or π∕2). The rotator turns the polarization plane at angle ω. There are two types of the polarization converter depending on the ω value: (1) ω is close to zero within the operating wavelength range. In this case, it is a common AWP, and its operating principle is the same as that of the monochromatic WP. For π-retardation, the polarization plane transmitted through AWP radiation is situated at 2θ to the polarizer axis, where θ is an angle of "effective optical axis" (EOA) of AWP. (2) ω depends on wavelength. In this case the object is not common "AWP" and may be called a broadband polarization converter (BBPC)-a special case of AWP. For example, in the case of circular-to-linear polarization transformation, the radiation transmitted through the converter has its polarization plane oriented at angle β ω 45°to the polarizer axis. In the case of linear-to-linear polarization transformation, β ω 2θ. In this work we have calculated AWPs and BBPCs for λ∕4 and λ∕2 cases in different THz ranges. Taking into account the interference effect, we have used [13] 
where k e 2πn e ∕λ and k o 2πn o ∕λ, d is the thickness of the quartz plate, n e and n 0 are respective refraction coefficients for extraordinary and ordinary rays, and j is the imaginary unit. The resulting Jones matrix for the set of N plane-parallel plates is a product of N matrices given by Eq. (1) for each plate:
is a 4 × 4 rotation matrix describing the angular orientation of the ith plate relative to the plane of polarization of incident radiation. The matrixM interrelates the electrical and magnetic field vectors of the incident, propagated, and reflected waves. The matrix that determinates the polarization of the incident wave given the (known) polarization of the propagated wave is as follows:
To calculate the polarization of the propagated wave from the polarization of the incident wave, one may use the matrixP −1 . That matrix is a kind of counterpart of the plain [11] 2 × 2 Jones matrix. Accounting for interference effect in the system of WPs shows that the system behaves differently when converting linear polarization to circular and vice versa.
The described system exhibits the properties of an AWP with fixed EOA alignment along polarizer axis x in the wavelength range where nondiagonal elements of a plain 2 × 2 Jones matrix
are near zero, modules of diagonal elements are about 1, and the phase difference between diagonal elements is equal to the specified retardation (here, δ i 2πn e − n o d i ∕λ, φ i is the EOA angle of the plate relative to the polarizer axis). Value set δ i ; φ i corresponding to the ith WP can be calculated using the simulated annealing algorithm [15, 18] . When calculating these values as noted above, depending on the minimization parameters, there are two possible cases: ω ≈ const (for instance, 0), and ω ≠ const. The ω value has a meaning of rotational angle of the "effective rotator."
Degree of polarization, i.e., the ratio of linearly polarized light intensity to total intensity, can be calculated as a function of wavelength. This degree is zero for completely circularly polarized light, whereas in the case of linear-to-circular polarization transformation (linear polarization along the x axis), the degree can be calculated as follows:
where
Sample dependence for a BBPC is depicted in Fig. 3 .
The EOA angle for a λ∕4 polarization converter is related to the elements of the Jones matrix as follows: 
22 -phase. The exponential factor in this equation is due to the fact that the counterpart plain Jones matrix P −1 is no longer described by Eq. (5). There are two causes of this, namely, correction for interference and factoring in full phase incursion in the polarization converter. To use equations for δ, θ, and ω, which are valid for a plain Jones matrix (5), for approximate calculations, the matrixP −1 must be multiplied by exp−jν. Phase values calculated with use of diagonal and nondiagonal matrix elements must be checked to verify that they are close to each other. Figure 4 depicts sample graph of phase ν versus the wavelength calculated for the same BBPC as shown in Fig. 3 . In this case the graphs ν 1 for ν 2 are similar.
Angle ω may be calculated as follows:
Finally, retardation of the system can be calculated as shown below. Given the matrixP −1 with near-zero nondiagonal elements, δ argP
In general, the retardation can be calculated from a subset ofP 
Thus, a generic nonabsorbing achromatic polarization converter is described by three parameters, δ, θ, and ω. The latter must be taken into account, for example, when converting circular to linear polarization using a quarter-wave converter. Orientation of the polarization plane of the light output from the converter will depend on ω. The polarization plane of the light after the achromatic converter will be angled at ω 45°relative to the polarizer axis.
Use of the matrix (1) instead of (5) is feasible when the interference must be taken into account due to practical considerations, for example, when the spectral bandwidth of the source is less than the typical width of the diffraction maximums. Wavelength bandwidth can be estimated from a simple formula, Δλ λ 2 Δf ∕c, where Δf is the frequency bandwidth. It should be compared to the interference period obtained from δλ curve for the same wavelength. Whenever Δλ exceeds interference period, the matrix (5) is generally sufficient for use. Figure 5 depicts sample dependencies δλ, φλ, and ωλ calculated for 2 × 2 and 4 × 4 Jones matrices (for the cases ω ≈ const and ω ≠ const) for a BBPC with two-sided antireflection coating. It can be seen that the general shapes of the curves for different Jones matrices are the same, but the interference effect, which is most prominent for φλ and δλ, leads to "noisiness" of the curves at specific wavelengths. The same effect is less eminent for ωλ. It should be noted that the interference effect would be much more pronounced without antireflection coating. In the case of AWP, the δλ and φλ curves will be similar, whereas the ωλ curve will be near constant, which can be seen, for example, in Fig. 5(d) : throughout the entire range, the angle variation is less than 2°.
An important conclusion of the analysis described above is that two-sided antireflection coating is highly recommended for quarter-wave achromatic polarization converters to suppress the interference effect. The antireflection coating is accounted for in the analysis above by multiplying the expression (2) both on the left and on the right by matrix (1) describing such a coating. 
Experimental Results
Experimental approval of the method has been carried out with use of Fourier spectrometer Vertex 70. We have used quarter-wave BBPC for then 60-300 μm wavelength range. The results are shown in Fig. 6 .
The figure depicts a set of transmission spectra of an AWP situated between two linear polarizers. Each spectrum in the set corresponds to a specific angular orientation of the analyzer. It can be seen that the variation of the transmittance values for each orientation is within the signal-to-noise ratio (SNR) of the Fourier spectrometer, which was in this case is about 1∶100. This fact indicates that the transmittance of the system is not dependent on angular position of the analyzer, or, in other words, linear polarization of light is efficiently converted to circular in the specified spectral range 60-300 μm. Optical properties of the discussed AWP were also studied using optically pumped THz molecular lasers: a high-power pulsed NH 3 laser operating at 90, 148, and 280 μm, as well as continuous-wave methanol laser operating at 118 μm [19] [20] [21] . Vertically polarized laser radiation passing through the quarter-wave AWP was measured as a function of the rotation angle of a linear analyzer downstream of the AWP. A quarter-wave plate situated at a specific angle between the direction of polarization of laser radiation and the optical axis transforms linear polarization to circular. Typical measured signal as a function of analyzer angle (rotated clockwise) is shown in Fig. 7 . Circles represent the linear analyzer signal in the absence of AWP (wavelength 148 μm). The gray curve is an approximation of the analyzer signal by theoretical function cos 2 ν, where ν is the analyzer rotation angle. Rhombi are the signal in the presence of AWP. It can be seen that AWP exhibits almost no deviation from perfect behavior. The same figure shows for comparison the signal diagram for a standard monochromatic quarter-wave plate (shown in triangles). The graph shows that, despite slightly higher light absorption, AWP generates better circular polarization. Some residual ellipticity (about 10%) may be ascribed to measurement error due to imperfect polarizer, etc.
Molecular lasers have a discrete generation spectrum with a fairly narrow generation line. AWP studies throughout the entire applicable wavelength range were carried out using a free-electron laser at FOM Institute Rijnhuizen, The Netherlands. [22, 23] The experimental setup was similar. Figure 8 shows spectral dependencies of the signal at different analyzer angles. For illustrative purposes, the results are normalized to signal level at analyzer angle β 0. It can be seen that relative signal deviation at various analyzer angles (including the effect of analyzer imperfection) is about 10%. The measurements were carried out in increments of 15°, but for the sake of visualization, the results for intermediate β angles are not shown. They lie within the same bounds.
All experimental results are in agreement with the mathematical model used as a basis of design calculation of the achromatic polarization converter.
B. Composite Waveplates
Like achromatic polarization converters, composite waveplates (CWPs) are special assemblies of identical plates made of the same material. The paper [24] establishes that to achieve controlled adjustment of a retardation plate for a specific wavelength and arbitrary retardation, a set of three identical WPs is sufficient, with the outermost plates having parallel birefringence axes. Optical axes of the outermost plates are aligned, whereas the angle between them and the optical axis of the middle plate must be calculated using a certain method. After that, the assembly is set at a specific lateral angle to the electric field vector of the incident beam. This angle can be calculated by the same method as the angle between optical axes of the plates in the assembly. If the assembly allows one to adjust orientation angles (i.e., the plates are not in optical contact and not glued), the set may be fairly well adjusted for a series of arbitrary wavelengths and operate as a quarterwave or half-wave plate. Rather than being achromatic or superachromatic, the composite retardation plates are controllable WPs.
Calculation
To evaluate CWP for specific retardation at a specific wavelength, one must first calculate [19] the rotation angle α of the middle plate using the equation 
where δ 2πn o d∕λ, and δ 0 is the required retardation of the CWP. Reasonable plate thickness is selected to achieve CWP operation in the required wavelength range. The CWP's EOA rotation angle β can be determined by substituting the calculated α value into Eq. (8) using matrix elements (5) . Then the angles are corrected for interference. Figure 9 (a) shows sample results of the calculation of these angles for a λ∕4 CWP designed for operation in the 60-300 μm range, obtained using 2 × 2 Jones matrices (i.e., without correction for interference). Figure 9 (b) compares retardation behavior of the aforementioned CWP at angles corresponding to λ∕4 retardation at 118 μm with the same for monochromatic WP rated for 118 μm wavelength. It can be seen that at the indicated wavelength the CWP and common WP exhibit similar behavior. Since the reconfigurable WP requires rotation of the middle plate relative to the outer ones, the design of the unit must provide an air gap between them. To evaluate such a system using Jones matrices, besides type (1) matrices one needs to introduce two matrices given by
to describe the air gap. Here, h is the air-gap width, and λ 0 is the operational wavelength of the CWP. It should be noted that the air-gap requirement substantially increases the overall complexity of the unit's manufacture, because all the plates must be as parallel as possible, and the gap width must be kept at minimum (several micrometers). In the case of wedge-shaped gap the system may also be evaluated using the Jones method as long as the wedge's parameters are known, but it is unlikely in a practical situation. In such a case the calculation includes integration over small areas of the plates corresponding to actual gap width in each point.
For example, let us consider linear-to-circular transformation of polarization. Similar to the case of the achromatic converter, the wavelength dependence of the intensity ratio I of linearly polarized light to total intensity is given by Eq. (6). To find the minimum of this value by varying the angle pair (α, β) (i.e., respectively, the angular position of the middle plate relative to the outmost ones and overall unit rotation), one can use the following search algorithm. All parameters of Eq. (6) depend on these angles; therefore, a bivariate dependence Iα; β can be constructed. Then the angle pair corresponding to the minimum I value can be found. Interference corrections to α and β introduced by substituting matrices (1) instead of (6) may amount to several angle degrees.
A prototype CWP is currently undergoing experimental validation. We do not report the results yet because the validation is not complete. But preliminary results are in agreement with the theory described above.
C. Concept of a Quartz Spectrum Analyzer
One more interesting application can be thought of for the systems of birefringent plates with birefringence axis lying in the plane of the plates. Namely, a set of three plates situated between two crossed polarizers can be used as a THz spectrum analyzer.
The general spectroscopic problem can be stated as follows [25] . Assume that a beam of light with unknown spectral content illuminates a system consisting of a nonselective (integral) radiation receiver and a spectroscopic attachment. The attachment can be described using generic instrument function Kλ; γ, where λ is the wavelength of the incident radiation, and γ is a generalized coordinate describing control of the spectrometer. Some examples of such systems are the Fabry-Perot interferometer with instrument function [26] Kλ; γ ∼ 1 cos2πγ∕λ, the Michelson interferometer [27], etc. To solve the spectroscopic problem means to deduce the spectral distribution of the incident radiation from the response of the system with known instrument function. This 
Incident signal spectrum Iλ must be derived from the dependence Fγ, which is measured experimentally by the instrument. Variation limits λ and γ are known. Fredholm kernel is the instrument function. Such problem can be solved by numerical methods, such as regularization, etc.
A set of quartz plates can be used as the "spectroscopic attachment." It was shown that to obtain the best solution of the problem, three plates are sufficient, with middle-to-outer plate thickness ratio about 0.8-1. Such conditions produce maximum rank of the matrix corresponding to the Fredholm kernel.
The analytical expression for the Fredholm kernel of such a system is very cumbersome. The kernel is the transmittance of a system of quartz plates between two crossed polarizers as a function of rotation angles of the plates. It is equal to the squared module of the nondiagonal element of the product of Jones matrices, which are, in the simplest case, given by Eq. (5). Interference corrections and accounts for the air gap required for plate rotation can be introduced using a method described in Section 2.B, i.e., by multiplying matrices (1) and (11) . Sample kernel, Iλ and Fγ, functions are shown in Fig. 10 . In this case the parameter γ is a generalized coordinate describing the angular position of the middle plate relative to the outer plates, as well as angular position of the whole system. It can be seen that both the kernel and Fγ are very complex, whereas Iλ is quite simple.
Presently the authors are working on obtaining numerical solutions of this problem using known (model) functions Fγ. Quantification of the equation leads to densely populated, ill-conditioned square matrices unstable in regard to right-side errors.
Thus, the solutions obtained using singular value decomposition and iterative methods (such as Seidel, Jacobi, Craig, and Lebedev) are against the physical meaning of the problem despite producing nearzero residuals Rfactor ‖Ax − b‖∕‖b‖. One of the possible methods to solve this problem is the global minimization approach [28] applied to the function Iλ, which is represented by the superposition of symmetrical and asymmetrical peaks [see Fig. 11(a) ]. Such an approach is physically meaningful in the context of spectrum analysis. Physically valid solutions were obtained by means of parameterization of asymmetric peaks using Edgeworth series [29] :
where A G ; A k G are normal the density function and its derivatives, and β k are quasi-momentums expressed through cumulants κ n in a nonlinear way [29] . The Edgeworth series parameters were the coefficients γ n κ n ∕κ n∕2 2 , such as γ 3 κ 3 ∕κ 3∕2 2 (peak asymmetry coefficient), and γ 4 κ 4 ∕κ 2 2 (excess coefficient that describes deviation of the distribution from normal to "pointer" or "flatter" vertex). Then we considered a finite Edgeworth series with cumulant coefficients γ 1 ; γ 2 ; …; γ 10 . Optimal values of the variates γ 1 ; γ 2 ; …; γ 10 were obtained using the leastsquares method:
The functional F was shown to be multiextremal, which led to crucial importance of the global functional minimization method [28] .
However, the issue of solution instability in regard to disturbances of Fγ remains unsolved. This issue by all means can emerge in actual spectrum analysis experiment. The matrix of the problem is rankdeficient. It leads to substantial difficulties even when solving the problem without noise distortion of the right-side vector [see bold curve in Fig. 11(b) ]. In the case when the source data are distorted by noise, one possible approach is the Tikhonov regularization method, which considers a problem of minimization of the following parametrical functional: Φ α A;b; x ‖Ax −b‖ 
where α is the regularization parameter,b is the representation of the right-side vector with random disturbances, x is the regularized solution of the problem, and L is the discrete first-order differential operator 
On the basis of [30] , the authors have selected the parameter
assuming that the matrix A is precisely defined, and all disturbances are the disturbances of the rightside vector b, where ‖b − b‖ ≤ δ, and σ max A is the maximum singular value of the matrix A. The Tikhonov functional was minimized using extended regularized systems method [31] . The authors were able to deduce physically valid solutions, but their accuracy is still inadequate for practical purposes. The work on this problem continues. Figure 11(b) shows the regularized solution of the problem (fine curve) with 1% disturbance of the right side. Alternative methods were considered to select the regularization parameter, such as the L-curve method, the cross-validation method, and its generalization for stationary iterative methods. However, these attempts were unsuccessful. Development of a quartz spectrum analyzer continues.
Conclusions
We have demonstrated by experiments that sets of plane-parallel birefringent plates with in-plane birefringence axis are instrumental for THz polarization optics. We present results of calculations and experimental validation of an achromatic polarization converter and a CWP for THz spectral range, taking into account the interference effect and air gaps between the plates. A mathematical model is presented demonstrating the possibility of development of a spectrum analyzer design based on a set of WPs.
